We present several new quadrature formulas in the triangle for exact integration of polynomials. The points were computed numerically with a cardinal function algorithm which imposes that the number of quadrature points N be equal to the dimension of a lower dimensional polynomial space. Quadrature forumulas are presented for up to degree d = 25, all which have positive weights and contain no points outside the triangle. Seven of these quadrature formulas improve on previously known results.
1. Introduction. We consider a set of N points {z 1 , z 2 , . . . , z N } and assocated weights {w 1 , w 2 , . . . , w N } to be a quadrature formula of strength d if the quadrature approximation for a domain Ω,
is exact for all polynomials g up to degree d. Among all quadrature formulas of strength d, the optimal ones are those with the fewest possible points N . The quadrature problem has been extensively studied and has a long history of both theoretical and numerical development. For a recent review, see [3, 10, 6, 4 ]. An on-line database containing the many of the best known quadrature formula is described in [5] . Much of these results are also collected and distributed on CD-ROM in the book [12] .
One successful approach for numerically finding quadrature formulas dates to [11] . A generalized version was used recently in [15] . Newton's method is used to solve the nonlinear system of algebraic equations for the quadrature weights and locations of the points. Symmetry is used to reduce the complexity of the problem. If the quadrature points are invariant under the action of a group G, then the number of equations can be reduced to the dimension of the polynomial subspace invariant under G.
Recently, a cardinal function algorithm has been developed which can provide additional reduction in the complexity of the quadrature problem [13] . It is motivated by a similar cardinal function Fekete point algorithm [14] . The key idea is to looks for quadrature formula that have the same number of points as the dimension of a lower dimensional polynomial space. One can then construct a cardinal function basis for this lower dimensional space, make use of a multi-variate generalization of the Newton-Cotes quadrature weights and derive a remarkable expression analytically relating the variation in the quadrature weights to the variation of the quadrature points. The net result is a significant reduction in the number of equations and unknowns, while still retaining analytic expressions for the gradients necessary to apply steepest decent or Newton iterations.
Symmetry can still be used to further reduce the complexity of the problem if needed. However here we have been able to find optimal quadrature sets of strength 9 through 25, subject only to the cardinal function constraint without imposing any symmetry constraints on the solutions.
2.
Notation. Let ξ = (ξ 1 , ξ 2 ) be an arbitrary point in ℜ 2 . We will work in the right triangle, ξ 1 ≥ −1, ξ 2 ≥ −1 and ξ 1 + ξ 2 ≤ 0. Let P d be the finite dimensional vector space of polynomials of at most degree d,
We also define
The monomials ξ n 1 ξ m 2 are notoriously ill-conditioned, so it is necessary to describe P d with a more reasonable basis. For this we use the orthogonal Kornwinder-Dubiner polynomials {g m,n } [1, 9, 7] ,
where P α,β n are the Jacobi Polynomials with weight (α, β) and degree n. In this basis, P d = {g m,n , m + n ≤ d}. Suitable recurrence relations for these polynomials are given in [8] .
3. Quadrature formula with N points. We note that given a set of N nondegenerate points in the triangle {z j }, we can obtain the generalized Newton-Cotes weights by solving the N × N system: N j=1 w j g m,n (z j ) = g m,n dξ ∀g m,n ∈ P d (3.1)
By construction, the Newton-Cotes weights and the points {z i } give a quadrature formula which exactly integrates our N basis functions, and thus N j=1 w j g(z j ) = g dξ ∀g ∈ P d .
Because any set of N quadrature points of strength d or greater must satisfy Eq. 3.1, the weights for all such quadrature formulas must be the Newton-Cotes weights.
To obtain quadrature points of strength greater than d, one must optimize the location of the points {z j }. Here we present results using the algorithm from [13] to perform this optimization. The goal is to find points {z j } which exactly integrate all of P d+e for the largest possible e.
Degrees of Freedom bound.
There is one degree of freedom for each coordinate of each point, for a total of 2 dim P d . Since we are using Newton-Cotes weights, we automatically integrate exactly all of P d . The number of additional equations that must be satisfied to integrate exactly all of P d+e is thus dim P d+e − dim P d . If we require that the degrees-of-freedom in the location of the quadrature points is at least as large as the number of equations that must be satisfied, we arrive at a lower bound on N given by dim P d+e ≤ 3 dim P d = 3N .
Results.
Our results for the triangle are summarized in Table 5 . Except for quadrature formulas associated with d = 3 and d = 4, were were able to obtain the optimal solution (fewest number of points) subject to the cardinal function constraint on the number of points and the degrees-of-freedom lower bound:
All the quadrature points have positive weights and no points lie outside the triangle, although neither of these properties is in any way guaranteed by the cardinal function algorithm. The errors presented in the table is the max norm of the quadrature error over all the ortho-normal basis functions: Quadrature formulas denoted by new in the table represent formulas which improve upon the best previously published results, as taken from the extensive database described in [5] as well as the quadrature points presented in [15] (which are not included in the database as of this writing). The new solutions for integration degree d + e from 16 to 25 have fewer points then the previously published results. For d + e = 13, the previous result with the fewest number of quadrature points [2] has N = 36. The points in [2] are symmetric, but some are outside the triangle and not all weights are positive. The result presented here also has 36 points, all of which are inside the triangle, the weights are positive, but the points are asymmetric.
Plots for all of the quadrature points are given in the figures. For the plots, the right triangle has been mapped lineally to the equilateral triangle in order to make the asymmetry in the points more visible. The coordinates of the quadrature points are given in Appendex A. They are available electronically by downloading the T E X source of this paper from the arXiv.
6. Summary. We have presented results from a cardinal function algorithm for computing multi-variate quadrature points. The algorithm was applied to the triangle, where optimal (in the sense of Equations 5.1 and 5.2) formulas were constructed for integrating polynomials up to degree 25. Seven of these quadrature formulas improve on previously known results.
Appendix A. Plots of quadrature points. Appendix B. Tables of quadrature points. We now list the coordinates of the quadrature points described in Table 5 . For each line, we give the first two barycentric coordinates of each point (equivalent to the x and y coordinates after an equilateral triangle is linearly mapped to the unit right triangle x ≥ 0, y ≥ 0 and x + y ≤ 1) followed by the associated quadrature weight. The third barycentric coordinate is defined such that the sum of all three coordinates is one. These points are available electronically by downloading the T E X source of this paper from the arXiv. 
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